In this paper we solve the synthesis problem of ÿnding a completely passive electric circuit analog to a vibrating beam. The synthesis problem is of interest when one wants to suppress beam mechanical vibrations by using distributed piezoelectric transduction. Indeed, an e ective electromechanical energy transduction is guaranteed when the electric circuit (interconnecting the transducers' terminals) is resonant at all mechanical resonance frequencies and is able to mimic all the mechanical modal shapes. The designed electric circuit behaves as an electric controller of mechanical vibrations (i.e. an electric vibration damper) once suitably endowed with a set of resistors. Because of its completely passive nature, it does not require external power units and stands as an economical means of controlling vibrations.
INTRODUCTION: OVERVIEW OF VIBRATION SUPPRESSION STRATEGIES
Extensive vibrations in mechanical systems can reduce the life of a structure and even contribute to its failure. However, by using piezoelectric transducers in conjunction with appropriate electric networks, the mechanical vibrational energy can be dissipated, strengthening the performance and extending the lifetime of the structure. the closed-loop system, the plant (vibrating structure) of which is naturally passive. Spillover phenomena can also be introduced, inducing dramatic oscillations of the structure at high frequencies.
An interesting development of 'electronic damping' has been proposed in References [9] [10] [11] [12] , where the design of optimal distributed electronic active controllers is addressed. The approach outlined in Reference [9] includes a distributed array of piezoelectric elements uniformly positioned over a host structure and a distributed interconnecting (active) electronic circuit. The piezoelectric layer is employed to measure (sense) the deformation of the exible structure and to exert a continuous action at every point. The purpose of the distributed electronic circuit is to extract the complete state of the plant from the sensors, to optimally condition these signals, and to feed the actuators at high voltage. The resulting smart structure is able to e ciently suppress mechanical vibrations induced by broadband disturbance. Nevertheless, the intrinsic active nature of the controller and the complexity of the required circuitry may limit its technical feasibility and exploitation in industrial applications.
In Reference [13] the possibility of damping mechanical vibrations by means of a piezoelectric transducer positioned on a structural element and shunted with completely passive electrical circuits is investigated. In particular two di erent shunting circuits are considered: a resistive (R) one and a resistive-inductive (LR) one. By placing such an electrical impedance across the terminals of the piezoelectric transducer, the passive network is capable of damping structural vibrations. If a simple resistor is placed across the terminals of the transducer, the piezoelectric element will act as a viscoelastic damper. If the network consists of an inductorresistor circuit, the passive network combined with the inherent capacitance of the piezoelectric transducer creates damped electromechanical beating. The resonance can be tuned so that the piezoelectric element acts as a vibration absorber (parallelling the analysis of mechanical vibration absorbers exposed in Reference [14] ). The method proposed in Reference [13] allows for an e cient single-mode control of structural vibrations whenever the resonant circuit is tuned to the mechanical mode to be suppressed. Nevertheless, the e ciency of the electromechanical coupling strongly depends on the position of the transducer over the host structure. Moreover, the technical feasibility of the passive piezoelectric controller proposed in Reference [13] is limited, since impossibly large inductances are required to produce low-frequency electrical resonance with the small inherent capacitance of the piezoelectric transducer. Many e orts have been devoted to simulating huge inductors by means of active electronic circuits. In particular, in Reference [15] , an implementation method using a digital signal processor is presented, while in Reference [16] an analog realization exploiting operational ampliÿers and multipliers is addressed. Nevertheless, when considerable structural vibrations are taken into account, several drawbacks can appear in these synthetic inductors due to saturation and non-linearities.
The principles of the 'piezoelectric shunting' technique proposed in Reference [13] can be applied to the multimodal control of vibrations (as shown in References [17, 18] ), by using intricate shunting impedances. Such a control methodology seems to present severe inconveniences: the used inductances are still very high and the damping e ciency, even for few modes, is reduced.
In order to overcome these drawbacks without compromising the advantages featured by passive control, in Reference [19] it is proposed to position on the host structure an array of piezoelectric elements and to interconnect the electric terminals of each pair of adjacent transducers via a oating RL impedance. This strategy creates an archetype of what is known as a Piezo-ElectroMechanical structure. The main idea underlying this approach is to ÿnd how to get e ective energy transduction from the mechanical to the electric form, as the electric form can be easily dissipated or stored. The main advantage of this strategy is the drastic reduction of employed optimal inductances, thus making conceivable the realization of a truly passive network. In this way one provides a synthetic support for low-speed electrical signals, to be e ectively coupled to mechanical waves. (A precursory work to the aforementioned technique can be found in Reference [20] .) Nevertheless, in this framework a multimodal control is not yet guaranteed and it is only possible to e ectively damp one particular vibration mode.
PROBLEM STATEMENT AND OBJECTIVE
The optimization problem of ÿnding the best distributed passive electric network (piezoelectrically coupled to the vibrating host structure) for achieving the most e ective multimodal energy transduction has been addressed in Reference [21] . There, it is proven that in order to guarantee the maximum energy transfer between the mechanical and electric systems, they should be governed by the same partial di erential equations. This property is often summarized by stating that the sought optimal distributed network should be the electric analog of the host structure. Therefore, the analog electrical circuit exhibits the same modal characteristics as those deÿning the host structure, so that a multiresonance electromechanical coupling can be established. Nevertheless, in Reference [21] , no attention is paid to the suppression of structural vibrations. In Reference [22] the problem of ÿnding an optimal distributed electric controller to attenuate propagating waves over any frequency range is tackled. The results presented in Reference [22] expand on those shown in Reference [21] , assessing that the optimal continuous network for beam vibration damping should be governed by the same partial di erential equations as the vibrating structure (i.e. elastica equation). But, at the same time, the network should be endowed with an internal dissipation proportional to the rate of change of the electric curvature (i.e. the second spatial derivative of electric potential).
The problem of synthesizing a completely passive lumped electrical circuit governed by a discrete approximation of the elastica equation has been extensively analysed in Reference [23] . Nevertheless, the proposed circuits have stern practical inconveniences, either due to negative inductors or multiport transformers. The former are typical active elements needing to be electronically simulated, and the latter are, in general, very heavy and their weights can represent a signiÿcant part of the mass of the overall smart structure. For a critical analysis of this control technique and comparisons among the electric controllers proposed in References [19, 23] , see Reference [24] .
In this paper we will ÿnd a completely passive lumped electric circuit analog to a vibrating beam, that consists only of inductors, capacitors and elementary two-port transformers. The proposed electric circuit will be synthesized following the subsequent design steps:
• ÿnite di erence discretization of the constitutive and balance equations for a vibrating Timoshenko beam, • mobility representation of a beam element,
• synthesis of a four-port grounded circuit ¶ (i.e. a four-port network containing only ÿve terminals, one of which is a common ground terminal for all the ports), the admittance matrix of which parallels the beam element mobility (or mechanical impedance) matrix, • cascade connection of the so-found networks to simulate the whole beam, • neglection of beam shear deformability and rotatory inertia terms in the electric analog to achieve the Euler beam electric analog.
Once the beam electric analog has been designed, the problem of suppression of mechanically forced vibrations will be tackled. Therefore, an optimal multimodal electric dissipation of the mechanical energy will be achieved by placing suitable resistors on the found analog circuit.
SYNTHESIS OF THE BEAM CIRCUIT ANALOG
The governing equations for the vibrations of a Timoshenko beam are, see Reference [25] :
where M indicates the bending moment, T the shear contact action, I the rotatory inertia, V the de ection velocity, the angular velocity of the cross-sections, the mass per unit length, K T the shear sti ness, K M the bending sti ness, and the superscripts dot and prime denote, respectively, time and space derivatives.
The ÿrst two partial di erential equations on the left side of Equation (1) express the balance of the couple and shear contact actions, respectively, while the other two express the assumed linear constitutive behaviour.
In order to derive an analog circuit for the beam, let us non-dimensionalize the aforementioned governing equations introducing the scaling parameters M 0 , T 0 , 0 , u 0 , # 0 and l. Hence, the dimensionless set of governing equations becomes:
where each variable has been non-dimensionalized, and lower case letters indicate dimensionless quantities. * * Introducing a suitable ÿnite di erences approximation for the previous set of equations with respect to the space variable, it is straightforward to achieve the following set of ÿrst-order ¶ The reason why we are not interested in multiport ungrounded networks lies in the impossibility of guaranteeing that a certain pair of terminals behaves as a port when interconnected with another pair of terminals. Time will be denoted by , while x will denote the spatial abscissa. * * Since it does not introduce misunderstandings, dimensionless time and abscissa will be still denoted by and x respectively.
ordinary di erential equations:
where indicates the dimensionless spatial sampling step. Let us explicitly remark that the adopted ÿnite di erences schemes alternate between the forward and the backward rule; this mixed approach will permit us to obtain symmetric higher order schemes when dealing with higher order governing equations expressed in terms of the kinematical descriptors, e.g. when determining the ÿnite di erence scheme for the elastica equations.
Synthesis of the analog circuit via the voltage-velocity analogy
Once a ÿnite di erences approximation for the mechanical impedance matrix of a beam element has been found, one well-established synthesis technique (see e.g. Reference [23] ) requires paralleling the velocity with the voltage, and the contact actions with the currents. The velocities at the beam element ends are regarded as across variables and the contact actions as through variables.
The correspondence between the mechanical variables in Equation (3) and the electrical variables describing the analog network is:
where V 0 and I 0 denote, respectively, a characteristic voltage and current. By means of this analogy, the impedance matrix representation for the beam element parallels the admittance matrix representation for the analog four-port grounded network. The dimensionless mechanical impedance matrix of a beam element (see e.g. Reference [26] ) is deÿned by:
where • denotes a one-sided Laplace transform, † † and Á denotes the dimensionless Laplace variable. ‡ ‡ † † Unless explicitly assumed, we set the initial conditions to zero.
‡ ‡ The dimensionless Laplace variable Á is related to the dimensional one s by:
The dimensionless mechanical impedance matrix z m (Á) in Equation (5) can be decomposed in the Foster canonical form as follows, see Reference [27] :
with the residue matrices deÿned by:
In order to synthesize an analog circuit for the entire transversely vibrating beam, it is su cient to cascade connect a number of elementary analog networks of the beam element, thus assuring the compatibility of the displacement ÿeld and the equilibrium of the contact actions. Therefore, a synthesis problem faced in this paper can be stated as:
Problem 1
Find a four port grounded network, the dimensionless admittance matrix of which is equal to the dimensionless impedance matrix z m , given in Equation (6).
Hence, we are looking for an electrical circuit (see Figure 1 ) whose admittance matrix
where s represents the dimensional Laplace variable. The strategy developed to solve the addressed synthesis problem consists of the following steps: In order to guarantee that the analog network is reciprocal, it is necessary to require the symmetry of the admittance matrix Y(s), which yields the following condition on the
Figure 3. Realization of the network Y∞(s).
scaling parameters:
This condition, from a mechanical point of view, establishes that the characteristic work done by the bending moment M 0 on the rotation # 0 , is equal to the characteristic work done by the shear contact action T 0 on the displacement u 0 : Therefore, the scaling parameters cannot be chosen independently when one wants to design electric networks constituted only by reciprocal elements. Furthermore, introducing the parameters and Ä, deÿned by:
the residue at zero becomes:
The capacitive network can be designed as two capacitors connected at the second and third terminals of the grounded network as shown in Figure 3 ; the capacitance of these two elements are given by:
Therefore, the ratio of the two capacitances is given by:
The design of the inductive circuit is much more involved, since the residue in zero is not diagonal. It is well known (see e.g. References [28, 29] , regarding the synthesis of one-element type networks) that Y 0 (s) is realizable as the admittance of an n-port network constituted only by inductors and containing only n + 1 terminals, one of which is a common terminal for all the ports, if and only if the residue matrix z m 0 is dominant § § and each of the o -diagonal terms is non-positive.
¶ ¶ One can easily verify that z m 0 is not dominant and that some of the o -diagonal elements are positive. Therefore, even if the realization of Y 0 (s) is not unique, it is impossible to synthesize it without using ideal transformers. In what follows, we will synthesize the considered network with a single two-port transformer. Towards this goal, we decompose z m 0 as the sum of the two following matrices:
By means of this decomposition, the synthesis problem has been drastically reduced to the design of a three-port grounded network, whose admittance matrix is:
In fact, the ÿrst term on the RHS of Equation (8) can be immediately synthesized as an inductor interconnecting the ÿrst and the third terminals (see Figure 4 ). The value of the inductance is equal to:
Multiplying the inductance L 1 by the capacitance C 1 we get:
2 § § A real matrix is said to be dominant if each of its main-diagonal elements is not less than the sum of the absolute values of all the other elements in the same row. ¶ ¶ If one is not restricting to n + 1 terminals the following results are known: (i) a dominant matrix, with any distribution of signs in the o -diagonal terms, may always be realized with only inductors; (ii) paramountcy is a necessary (and su cient, for the three-port case) condition for the matrix for its realizability without transformers. is equal to one, hence it can be decomposed as:
and the circuit can be designed (see Reference [27] ) as shown in Figure 5 , with the inductance given by: The previous topology can be further simpliÿed by noticing that the turns-ratio of the ÿrst and third transformers are equal in absolute value and opposite in sign, as shown in Figure 6 . In order to ÿnd the turns-ratio of the used transformer and the value of the introduced inductance, let us ÿnd the admittance matrix of the network shown in Figure 6 and compare it to Y red 0 : The constitutive relation of the inductor L 2 and of the ideal transformer yield:
which establish the following admittance matrix:
Comparing the aforementioned admittance matrix to Y red 0 :
The inductance L red is related to L 2 by:
By inspection, one can immediately obtain the following set of relations between all the parameters so far introduced:
The previous set of equations provides a group of conditions to be imposed on the employed circuit elements, completely independent of the arbitrarily chosen scaling parameters. Hence, it is easily seen that for every possible choice of scaling parameters there are always three ÿxed constraints on the circuit elements, which depend only on the physical properties of the beam and on the sampling step of the mesh. In order to synthesize the analog circuit for the transversely-vibrating Timoshenko beam, it is su cient to cascade connect a number of the found analog circuits for the generic beam element. Indeed, the electrical cascade connection corresponds exactly to the mechanical conditions of continuity of the contact actions and the kinematical descriptors over the length of the beam.
In what follows, we will neglect the shear deformation and the rotatory inertia: these hypotheses are justiÿed when controlling and damping only low frequency vibrations. For the Euler beam model, thus obtained, the dimensionless governing equations (2) become:
Deriving the ÿrst balance equation with respect to space and using the second balance equation, we get:
deriving the previous equation with respect to time and making use of the two constitutive relations in Equation (10) we ÿnally get the elastica equation:
From Equation (9), by taking the limit as K T → ∞ and I → 0 we obtain
Therefore, for the so-called Euler beam, the analog circuit becomes the circuit depicted in Figure 7 , with
The motion equation of the analog circuit sketched in Figure 7 in terms of the ux linkage i at the generic node i (deÿned as the time integral of the voltage drop across the ith capacitor) can be easily written as:
which represents a discrete form of the elastica, once condition (12) is satisÿed. In order to synthesize the analog circuit for the Euler beam using a ÿnite di erence approximation and exploiting the standard immittance matrices synthesis techniques, it is necessary to study initially the Timoshenko beam and then set the shear deformability and the rotatory inertia to zero. In fact, as the shear sti ness goes to inÿnity, the impedance matrix representation becomes impossible.
3.1.1. Constraints. The external constraints applied at the beam ends impose electrical constraints on the analog circuit (representing e.g. the electric terminations of the circuit depicted in Figure 7 ), which can be easily synthesized. The obtained boundary circuits are to be cascade connected to the ending modules of the analog network.
For instance, let us consider a simply supported beam, for which the mechanical conditions to be imposed are: In the previous subsection, the synthesis of the analog network of a beam element has been performed exploiting the voltage-velocity analogy. In the following subsection, we will change our perspective and instead parallel the mechanical velocities with electric currents and mechanical contact actions with electric voltages. Therefore, contact actions will play the role of across variables, while velocities will be considered as through variables. The aforementioned assumptions are summarized by the following:
In a similar way as what we have done in the previous subsection, let us deÿne the dimensionless mobility matrix m(Á) of the beam element relating the velocities at the two terminals to the contact actions:
which admits the following Foster canonical form:
where the residue matrices are easily derived from Equation (5) . Thus the synthesis problem can be stated as:
Problem 2
Find a four-port grounded network, the dimensionless admittance matrix of which is equal to the dimensionless mobility matrix m, given by Equation (14) .
Hence, we are looking for an electrical circuit with admittance matrix Y(s)
The solution of this problem is completely equivalent to the one addressed in the previous subsection, thus we will not go through all the synthesis details again, but we will only sketch the used procedure and duplicate the knowledge developed in the last section: 3. parallel connection of the aforementioned electrical networks for the design of the circuit, the admittance matrix of which is Y(s).
In order to guarantee that the analog network is reciprocal, it is necessary to require the symmetry of the admittance matrix Y(s), which again yields Equation (7). The capacitive network can be designed as two uncoupled capacitors connected at the ÿrst and fourth terminals of the grounded network. The capacitances of these two elements are given by:
The design of the inductive circuit is fully equivalent to the synthesis problem addressed in the previous section, since the matrix does not fulÿl the necessary conditions for a realization without using ideal transformers. One may decompose the residue at zero as the sum of two matrices:
where, m 1 0 can be immediately synthesized as an inductor interconnecting the second and the fourth terminals, whose inductance is:
and m 2 0 can be synthesized by the circuit depicted in Figure 8 , where the inductance and the turns-ratio are given by:
Hence, the following relations between the circuit elements hold, independent of the used scaling parameters: When the Euler model is adopted, the inductance L 2 and the capacitance C 2 vanish, and the analog circuit in Figure 9 is obtained. The governing equation of such a circuit in terms of the time integral of the current owing through the oating inductors, say Q i , is:
3.2.1. Constraints. The circuit topology in Figures 7 and 9 are completely equivalent; nevertheless, the resulting analog circuits of a given constrained Euler beam are di erent. This di erence lies in the boundary modules which, for the two proposed synthesis solutions, result in totally di erent circuital constraints. In fact, an electrical node which is short-circuited to ground for one solution results in an open-circuited terminal for the other, and viceversa.
APPLICATION TO MULTIMODAL VIBRATION DAMPING
The need for an electric analog of a vibrating beam arises when one wants to maximize the electromechanical energy transduction (see References [21, 22] ), dispensing with the use of an external power unit (i.e. in a completely passive way). In fact, as it will be shown in this section, the smart structure (say PiezoElectroMechanical beam, PEM for short) constituted by the host structure and an array of equally distributed piezoelectric elements interconnected as the capacitors of the analog circuits in Figures 7 and 9 (see for instance Figure 10 ) allows a rapid and e ective electromechanical energy transduction for every mechanical initial condition. This e cient energy transfer is assured by the internal resonance between the vibrating structure and the interconnecting network. A schematic plot of a simply supported PEM beam is presented in Figure 11 , where the interconnecting network can be either of the presented analog circuits deprived of the capacitors. In the previous section, the synthesis problem of ÿnding a completely passive electric network analog to a beam has been solved, exploiting two di erent techniques: the former based on the voltage-velocity analogy, the latter on the current-velocity analogy. Both of the proposed solutions employ capacitors, inductors, and ideal two-port transformers.
In this section, a brief description of the two-fold nature (voltage driven actuator and strain sensor) of a piezoelectric transducer will be furnished. Then, the design of a PEM will be performed using both of the available circuit analogs from the previous section. The performances of the resulting controllers will be analysed and compared, stressing the need From now on, superscripts v and c will be used to denote results from voltage-velocity and current-velocity analogy, respectively. for low inductances for a truly passive realization of the conceived device. Later, a modal analysis of the resulting structure will be provided for a better understanding of the conceived system and to assess its e ectiveness when arbitrary initial conditions are prescribed. Finally, the synthesis of a dissipative electric network analog to a 'structurally damped beam' will be tackled to e ciently damp vibrations.
Basic model of a piezoelectric transducer
An elementary model of a thin piezoelectric patch (see Figure 12) surface-bonded on a host beam, considers the transducer to be endowed with a two-fold behaviour:
• from an electrical point of view, it plays the role of a capacitor in parallel connection (series connection) with a current source (voltage source) driven by the mechanical time rate deformation; • from a mechanical point of view, it behaves as a spring with two electrically driven pin forces applied at the patch ends.
Indeed, denoting the patch length with l p (assumed for the sake of simplicity to be equal to the grid step l), the stored charge with Q; the exerted force with F p , the strain with p , and the applied voltage with V p , the lumped constitutive equations can be written in terms of voltage and strain as (see e.g. References [1, 2] ):
or, in terms of charge and strain as:
V p =k ee Q p +k me p l p F p =k mm p l p +k me Q p (16) where the following relations between the constitutive parameters hold:
From the ÿrst set of constitutive equations (15) the piezoelectric patch is recognized to electrically behave as a capacitor in parallel connection with a mechanically driven current source (Norton representation), while the second set (16) interprets the patch as a capacitor in series connection with a mechanically driven voltage source (Thevenin representation). The piezoelectric strain p is related to the mechanical de ection U * * * by the following no-slip condition:
where h is the beam thickness (considering a rectangular cross section), and (U ) is the average curvature of the beam in the piezoelectrically-covered region. Since, the piezoelectric elements are adhesively bonded on the beam surface, their exerted forces F p induce bending moments applied at the patches ends.
PEM beam models
4.2.1. Voltage-velocity analogy. By substituting the surface-bonded piezoelectric transducers with the capacitors in Figure 7 , and by adopting the constitutive relations (15) , the following equations for the mechanically fed analog circuit are derived:
where pi is the strain at the ith patch and the superscript v indicates voltage-velocity analogy. When one can assume that the number of patches is su ciently large, the following governing equation in terms of a continuously distributed ux linkage ÿeld is obtained:
where the introduced parameters are given by:
Taking into account the additional sti ness and mass of the patches, the governing equation of the beam piezoelectrically covered is given by:
where p denotes the mass per unit length of the piezoelectric covering layer. Hence, the governing equations of the PEM beam are given by Equations (17) 
In order to guarantee an e cient multimodal control, it is necessary to tune the electrical circuit to the mechanical host beam (see Reference [21] ) so that:
As previously done, small letters will denote dimensionless quantities.
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Furthermore, to guarantee the desired e cient coupling ‡ ‡ ‡ it is necessary to electrically parallel the mechanical boundary conditions. Let us underline that the two proposed electrical circuits yield di erent electrical boundary conditions with respect to the same mechanical ones.
It is very useful to choose the scaling quantities U 0 and 0 in order to obtain a gyroscopic coupling, namely:
which imposes the following relation:
Current-velocity analogy.
The results shown in the present subsection stem directly from those derived in the previous discussion about the voltage-velocity analogy. Therefore, we will omit all the details and exhibit only the main equations. By substituting the surface-bonded piezoelectric transducers with the capacitors in Figure 9 , and by adopting the constitutive relations (16), the mechanically fed analog circuit in Figure 10 is found.
By assuming that the number of patches is su ciently large, by introducing a characteristic length, time, displacement, and charge (l; 0 ; U 0 ; Q 0 ) satisfying
and by tuning the electric system to the mechanical structure, i.e. by choosing
one obtains the following homogenized governing equations of the PEM beam featuring a symmetric elastic coupling:
The coupling e ectiveness is essentially based on the same spectral properties of the electrical and mechanical systems.
where the new parameters are given by:
and the superscript c indicates the considered current-velocity analogy.
Modal analysis of the current-velocity based PEM model
The circuital connection in Figure 9 establishes a proportional elastic coupling between the electrical and mechanical system, § § § while the connection in Figure 7 establishes a not proportional gyroscopic coupling. The proportional elastic coupling allows for the spillover suppression for any given set of mechanical boundary conditions, while the not proportional gyroscopic coupling leads, in general, to undesired spillover phenomena.
These circumstances suggest exploiting the current-velocity-based PEM model, instead of the voltage-velocity-based one, to control structural vibration for arbitrarily constrained beams.
Given the mechanical boundary conditions and then synthesizing the analog circuital connections, the modal shapes ' 0 i (x) and frequency ! 0 i of the uncoupled electrical and mechanical systems coincide.
In order to determine the electromechanical modal shapes of the coupled system, the following eigenvalue problem has to be addressed:
where both q n and u n should satisfy the prescribed boundary conditions.
We verify that the generic electromechanical eigenfunction is given by: Indeed, substituting Equation (23) in Equation (22) gives the following two-dimensional eigenvector problem:
Hence, the coupled modal frequencies are determined as the roots of the characteristic polynomial
i.e.:
The constants a n and b n can be evaluated as:
If the uncoupled modal shapes ' 0 n are chosen to be normalized, in the sense that:
then the absolute value of the constants a n and b n are chosen to be equal to 1= √ 2 to have normalized electromechanical eigenfunctions. Therefore the modal frequency and modal shapes of the PEM beam are:
4.3.1. Free vibration of a PEM beam. When one wants to consider the free vibration of a PEM beam, it is useful to exploit the acquired knowledge of the modal shapes of the coupled systems (24) . Expanding the solution in terms of the so-found eigenfunctions, we get:
The time evolution of the Fourier coe cients c ± n ( ) is determined by the diagonalized set of ordinary di erential equations:
with initial conditions:
The solution of Equation (25) with the addressed initial conditions is:
When the initial conditions of the PEM beam consist of a sole deformation according the kth mechanical modal shape ' 0 k (x), the initial conditions of the Fourier coe cients c ± n ( ) become:
Thus, the time evolution of the PEM system becomes:
which clearly emphasizes the absence of spillover phenomena and, generally speaking, proves that the distributed electric network, together with the piezoelectric transducers, provides a beating phenomenon in between the electrical and mechanical subsystems. Furthermore, let us stress that the ratio of the kth carrier frequency to the kth envelope frequency is independent of the mode number k.
Damping structural vibrations
Once an e ective electromechanical energy transduction is established, it is conceivable to dissipate the beam energy into a properly inserted set of resistors. Therefore, this subsection is devoted to the design of an additional resistive network aimed towards multimodal vibration damping.
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The design procedure will be based on the following steps:
1. completion of Equation (21) 1 with a suitable electric dissipation contribution:
D being a self-adjoint linear operator acting on the current ÿeldq; 2. introduction of an applied load and statement of an objective functional representing the key features of the system steady state response, 3. minimization of the cost functional and consequent establishment of the optimal dissipation operator D, 4. synthesis of a resistive lumped electrical network approximating the so-found operator.
To avoid undesired spillover phenomena in between di erent vibration modes, we will look for a dissipative electric network which does not modify the electromechanical eigenfunctions found in Section 4.3. Therefore, in the present paper the following restrictive assumption on D is made:
f being an analytic function which takes positive values on the real positive axis. ¶ ¶ ¶ Thus, the dissipation operator is assumed to be the image of the fourth-order spatial derivative under a well-behaving operator-valued function (see e.g. Reference [30] ). From Equation (28) , by deÿnition, it follows that:
Let us consider a generic applied load on the structure, represented by a forcing term p(x; ) in Equation (27) 2 :
Considering the modal expansions of p; q and u on '
and taking into account Equation (29), Equation (30) yields the following set of ordinary di erential equations for the electrical and mechanical modal coe cients
The positiveness of f( ), when is positive, assures the passivity of the electric network.
Therefore, taking the Fourier transform of Equation (31) it is possible to introduce a transfer function relating the nth modal coe cient of the applied load to the mechanical evolution coe cient:
where i = √ −1. The chosen optimality criterion requires the determination of the values of f in order to minimize the H ∞ norm of the aforementioned transfer function, i.e. minimizing the supremum of |H n (!)| by appropriate choice of f. A particularly convenient approximate solution to the considered optimization problem can be found by using the results in Reference [14] . We sketch here the main steps of the derivation. The ÿrst step of this process consists of ÿnding the so-called 'invariant' frequencies ! S n and ! T n at which:
At these particular frequencies, since the internal resonance has already been established, it happens that:
The second step consists of ÿnding f by enforcing that the amplitude of the transfer function at the resonance frequency ! 0 n equals the amplitude attained at the invariant frequencies, i.e.:
for the transfer function in Equation (32), we get:
Once the optimal expression for f has been established, the dissipative operator is univocally determined by Equations (28) and (29) to be proportional to the positive square root of the fourth derivative operator, namely:
The mathematical properties of the square root of the fourth derivative operator have been extensively studied in References [31, 32] . In Reference [31] , such an operator is introduced to rigorously describe empirically observed damping rates in vibrating beams. While, in Reference [32] , its mathematical properties are deeply analysed, and it is shown that this operator
Although not technically optimal, the presented solution is very widespread due to its simplicity and appropriateness for experimental works. coincides with the negative second order derivative operator when special boundary conditions (called 'trigonometric', * * * * see Reference [32] ) are prescribed. Those boundary conditions are such to ensure purely trigonometric eigenfunctions for the fourth derivative operator. When such boundary conditions are met (for instance simply supporting) the dissipative operator is actually a di erential operator and by exploiting ÿnite di erence approximations it is possible to synthesize a lumped approximating network. Otherwise, it 'is not a di erential operator and its interpretation is rather obscure', [32] . Nevertheless, in these circumstances its approximation with the negative second order derivative seems to be reasonable for suboptimal solutions.
Restricting our attention to the so-called 'trigonometric cases', the ÿnite di erence approximation of D yields:
which can be synthesized introducing a set of resistors as shown in Figure 13 , where the resistance is:
By noticing that in Figure 13 the current owing into the ith transformer isq i −q i+1 (i.e. the port with unitary turns-ratio), it is easy to see that the resistor R introducing a symmetric ÿnite di erence approximation of the second-order spatial derivative when computing the voltage across L 1 : We explicitly remark that the found optimal circuital topology and resistance do not depend on the particular mode considered (i.e. its independent of n): as a consequence the synthesized circuit assures an e ective multimodal damping.
Design of a prototype
In order to assess the engineering realizability and the e ciency of the proposed device, we will consider a simply supported aluminum beam, the geometry of which is presented in Table I . Let us position ten transducers constituted by piezoceramic patches, produced by PiezoSystem, made of lead zirconate titanate [PZT] . The characteristics of these piezoceramic * * * * We refer to Reference [31] for the (rather involved) characterization of this class of boundary conditions. This is a delicate issue: we simply remark that the square root operator of the fourth-order derivative in the case of boundary conditions relative to a cantilever beam, is not a di erential operator. Figure 14 . Time evolution of the ÿrst electrical and mechanical modal coe cients.
The sti ness and mass per unit length of the PEM beam can be evaluated as: (20) and (34) it is easy to calculate the following values for the optimal resistance and inductance in the interconnecting network: L c 1 = 1:47 H; R= 1661 assuming that the transformers turns-ratio are equal to one. In Figure 14 the time evolutions of the ÿrst electrical and mechanical modes, corresponding to a purely mechanical initial condition, are sketched, according to Equation (26) . Furthermore Figures 15-17 show the frequency responses of the ÿrst three modes, when exploiting the optimal dissipative network presented in Figure 13 .
CONCLUSIONS
Recent technological developments of piezoelectric transducers have made passive electric damping of structural vibrations realizable. Therefore, an interesting problem in the theory of circuits arises: how to electrically interconnect the piezoelectric transducers, placed on the structure, using a passive electric network in order to get an optimal damping of mechanical vibrations. We refrain from studying optimal positioning problems: i.e. problems in which the actual placement of the transducers on the host structure is unknown. Instead, we assume that the array of distributed transducers is uniformly positioned on the structure and that the interconnecting network can be described by homogenized models. This class of smart structures has been studied in References [21, 22] , where the e ciency of analog circuits in obtaining e ective electromechanical energy exchanges has been established.
In the present paper, the synthesis problem of ÿnding a completely passive electric analog of an Euler beam has been tackled. In Section 3, two di erent analogies are addressed and comparisons are drawn between the resulting circuits. The designed electric circuits are constituted only by capacitors, inductors, and ideal transformers; their hardware realization exploiting truly passive electric elements has been proved when designing a prototype.
The application of the found electric analogs to the multimodal vibrations damping is proposed in Section 4, where PEM beams are analysed.
Once an e cient coupling has been established, the completion of those lossless networks by suitable resistive networks (as shown in Section 4.4) guarantees a performing vibration attenuation without introducing spillover phenomena. The resulting smart structure is able to self-damp structural vibrations, dispensing with the use of any external power supply.
Future works will be devoted to the comparison between the performances of homogenized electric controllers and their lumped approximations and to the design of electric circuits approximating the square root of the fourth derivative di erential operator when the prescribed boundary conditions are not 'trigonometric'.
